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Abstract

Knowing the user'spoint of gazehassigni�cant potential to enhancecurrent human-
computer interfaces. The primary obstacle of integrating eye movements into in-
terfaces is the availabilit y of a reliable, low-cost open-sourceeye-tracking system.
Towards making such a system available to interface designers,we have developed
a hybrid eye-tracking algorithm that integrates feature-basedand model-basedap-
proaches and made it available in an open-sourcepackage. We refer to this algo-
rithm as \starburst" becauseof the way in which pupil features are detected. This
starburst algorithm is more accurate than pure feature-basedapproachesyet is sig-
ni�can tly lesstime consumingthan pure model-basedapproaches.The current im-
plementation is tailored to tracking eye movements in infrared video obtained from
an inexpensive head-mounted eye-tracking system. A validation study shows that
the technique can reliably estimate eye position with an accuracyof approximately
one degreeof visual angle even in the presenceof signi�cant image noise.
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1 In tro duction

The use of eye tracking has signi�cant potential to enhancethe quality of
everyday human-computer interfaces[1]. Two types of human-computer in-
terfacesutilize eye-movement measures{ active and passive interfaces.Activ e
interfacesallow usersto explicitly control the interface though the useof eye
movements [2]. For example,eye-typing applications allow the user to look at
keyson a virtual keyboard to type instead of manually pressingkeysas with
a traditional keyboard [3]. Similarly, systemshave beendesignedthat allow
usersto control the mousepointer with their eyesin a way that can support,
for example, the drawing of pictures [4]. Activ e interfaces that allow users
with movement disabilities to interact with computers may also be helpful
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for healthy usersby speedingicon selectionin graphical user interfaces[5] or
object selection in virtual reality [6]. Passive interfaces,on the other hand,
monitor the user's eye movements and use this information to adapt some
aspect of the display. For example, in video-transmissionand virtual-realit y
applications, gaze-contingent variable-resolutiondisplay techniquespresent a
high level of detail at the point of gazewhile sacri�cing level of detail in the
periphery wherethe absenceof detail is not distracting [7,8].

While eye tracking hasbeendeployed in a number of research systemsand to
somesmaller degreeconsumerproducts, eye tracking has not reached its full
potential. Importantly, eye-tracking technology has been available for many
yearsusing a variety of methods (e.g., Purkinje-re
ection based,contact-lens
basedeyecoil systems,electro-oculography; see[9] for a survey of classicaleye-
tracking technology). The primary obstacle to integrating these techniques
into human-computer interfaces is that they have been either too invasive
or too expensive for routine use. Recently, the invasivenessof eye tracking
has beensigni�cantly reducedwith advancesin the miniaturization of head-
mounted video-basedeye-trackers [10,11]. Remote video-basedeye-tracking
techniques also minimize intrusiveness[12,13], however can su�er from re-
ducedaccuracywith respect to head-mounted systems.Given theseadvances,
the most signi�cant remaining obstacle is the cost. Currently, a number of
eye trackers are available on the market and their pricesrangefrom approxi-
mately 5,000to 40,000US Dollars. Notably, the bulk of this cost is not due to
hardware, as the price of high-quality digital cameratechnology hasdropped
precipitously over the last ten years.Rather, the costsare mostly associated
with custom software implementation, sometimesintegrated with specialized
digital processors,to obtain high-speedperformance.

This analysis clearly indicates that in order to integrate eye tracking into
everyday human-computerinterfaces,the development of widely available, re-
liable and high-speedeye-tracking algorithms that run on generalcomputing
hardware need to be implemented. Towards this goal, we have developed a
hybrid eye-tracking algorithm that integratesfeature-basedand model-based
approachesand madeits implementation available for distribution in an open-
sourcepackage.In combination with low-costhead-mounted eye-tracking sys-
tems[10,11,14],there is a signi�cant potential that eye tracking will be widely
incorporated into the next generationof human-computerinterfaces.

2 Problem statemen t

Eye-tracking systemscan be divided into remote and head-mounted systems.
Each type of systemhas its respective advantages.For example,remote sys-
tems are not as intrusive but in general are not as accurate or 
exible as
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Fig. 1. (a&b) Head-mounted eye tracker (c) Image of a sceneobtained by the eye
tracker. (d) Image of the user's right eye illuminated with infrared light. Note the
clearly de�ned dark pupil and the specular re
ection of the infrared LED. Also
note the degreeof line noise present in the captured images due to the low-cost
eye-tracker construction basedon consumer-gradeo�-the-shelf parts.

head-mounted systems.In other work [14],wehavedevelopeda low-costhead-
mounted eye tracker. This eye tracker consistsof two consumer-gradeCCD
camerasthat are mounted on a pair of safety glasses(seeFigure 1). One cam-
era captures an image of the eye while the other captures an image of the
scene.The two camerasare synchronized and operate at 30hz, each captur-
ing 640x480pixels per frame. In this paper we focus on developing an eye-
tracking algorithm applicable for usewith imagescaptured from this type of
head-mounted system.However, the proposedalgorithm could alsobe applied
to video captured with a remote system.

Two typesof imaging approachesare commonly usedin eye tracking, visible
and infrared spectrum imaging [15]. Visible spectrum imaging is a passive
approach that capturesambient light re
ected from the eye. In theseimages,
it is often the casethat the best feature to track is the contour betweenthe
iris and the sclera known as the limbus. The three most relevant features
of the eye are the pupil - the aperture that lets light into the eye, the iris
- the colored musclegroup that controls the diameter of the pupil, and the
sclera,the white protective tissuethat coversthe remainderof the eye. Visible
spectrum eye tracking is complicated by the fact that uncontrolled ambient
light is used as the source,which can contain multiple specular and di�use
components. Infrared imaging eliminates uncontrolled specular re
ection by
actively illuminating the eye with a uniform and controlled infrared light not
perceivableby the user.A further bene�t of infrared imaging is that the pupil,
rather than the limbus, is the strongestfeature contour in the image(seee.g.,
Figure 1d). Both the scleraand the iris strongly re
ect infrared light while only
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the sclerastrongly re
ects visible light. Tracking the pupil contour is preferable
given that the pupil contour is smaller and more sharply de�ned than the
limbus. Furthermore, due to its size,the pupil is lesslikely to be occludedby
the eye lids. The primary disadvantage of infrared imaging techniquesis that
they cannot be used outdoors during daytime due to the ambient infrared
illumination. In this paper, we focus our algorithm development and testing
on infrared spectrum imaging techniquesbut aim to extend thesetechniques
to visible spectrum imaging as well.

Infrared eye tracking typically utilize either the bright-pupil or dark-pupil
technique(however see[13] for the combined useof both bright and dark pupil
techniques).The bright-pupil technique illuminates the eye with a sourcethat
is on or very nearthe axisof the camera.The result of such illumination is that
the pupil is clearly demarcatedas a bright region due to the photore
ective
nature of the back of the eye. Dark-pupil techniquesilluminate the eye with
an o�-axis sourcesuch that the pupil is the darkest region in the image.while
the sclera, iris and eye lids all re
ect relatively more illumination. In either
method, the �rst-surface specular re
ection of the illumination sourceo� of
the cornea (the outer-most optical element of the eye) is also visible. The
vector betweenthe pupil center and the corneal re
ection center is typically
used as the dependent measurerather than the pupil center alone. This is
becausethe vector di�erence is lesssensitive to slippageof the head gear -
both the cameraand the sourcemovesimultaneously. In this paper wefocuson
algorithm development for dark-pupil techniqueshowever our algorithm could
be readily applied to bright-pupil techniqueswith only slight modi�cation.

3 Related Work

Eye-tracking algorithms typically usetwo main approaches:feature-basedand
model-basedapproaches.Feature-basedapproachesdetect and localizeimage
features related to the position of the eye. A commonality among feature-
basedapproachesis that a criteria (e.g.,a threshold) is neededto decidewhen
a feature is present or absent. The determination of an appropriate threshold
is typically left as a free parameter that is adjusted by the user.The tracked
featuresvary widely acrossalgorithms but most often rely on intensity levels
or intensity gradients. For example in infrared imagery the dual-threshold
technique usesappropriately set intensity thresholds to extract the region
corresponding to the pupil and the corneal re
ection. The locations of the
pupil and corneal re
ection are then taken as the geometric center of the
identi�ed regions.The intensity gradient can also be used to detect the the
pupil contour in infrared spectrum images [16,17] or the limbus in visible
spectrum images[18]. An ellipse can then be �t to the feature points using
least-squares�tting [19,18,16,17]or the hough transform [20].
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1 Input : Eye image,Sceneimage
2 Output : Point of gaze
3 Pro cedure:
4 Detect the cornealre
ection
5 Localizethe cornealre
ection
6 Remove the cornealre
ection
7 Iterativ e detection of candidate feature points
8 Apply RANSAC to �nd feature point consensusset
9 Determine best-�tting ellipseusing consensusset

10 Model-basedoptimization of ellipseparameters
11 Apply calibration to estimatepoint of gaze

Fig. 2. Starburst algorithm

On the other hand, model-basedapproachesdo not explicitly detect features
but rather �nd the best �tting model that is consistent with the image. For
example, integro-di�erential operators can be used to �nd the best-�tting
circle [21]or ellipse[22]for the limbusor pupil contour. This approach requires
an iterativ e search of the model parameterspacethat maximizesthe integral
of the derivative along the contour of the circle or ellipse. The model-based
approach can provide a more preciseestimate of the shape of the pupil and
its center than a feature-basedapproach. However, model-basedapproaches
require searching a complex parameter spacethat can be fraught with local
minima and thus cannot be used without a good initial guessof the model
parameters.The gain in accuracyof a model-basedapproach is obtained at
a signi�cant cost in terms of computational speed and 
exibilit y. Notably
however, the useof multi-scale image-processingmethods [23] in combination
with a model-basedapproach hold promisefor real-time performance(e.g. see
[15]).

4 Starburst Algorithm

Presented in this section is a robust eye-tracking algorithm that combines
feature-basedand model-basedapproachesto achievea good trade-o� between
run-time performanceand accuracyfor dark-pupil infrared imagery. The goal
of the algorithm is to extract the location of the pupil center and the corneal
re
ection so as to relate the vector di�erence betweenthesemeasuresto co-
ordinates in the sceneimage.The algorithm beginsby locating and removing
the cornealre
ection from the image.Then the pupil edgepoints are located
using an iterativ e feature-basedtechnique. An ellipse is �tted to a subsetof
the detected edgepoints using the Random Sample Consensus(RANSAC)
paradigm [24]. The best �tting parametersfrom this feature-basedapproach
arethen usedto initialize a local model-basedsearch for the ellipseparameters
that maximizesthe �t to the imagedata. The algorithm is shown in Figure 2.
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Fig. 3. (a) The original image. (b) The image with noisereduction. (b) The image
with the corneal re
ection removed after noisereduction.

4.1. Noise Reduction

Due to the useof a low-costhead-mounted eye tracker described in Section2,
we needto begin by reducing the noisepresent in the images.There are two
typesof noise,shot noiseand line noise.We reducethe shot noiseby applying
a 5x5 Gaussian�lter with a standard deviation of 2 pixels. The line noiseis
spurious and a normalization factor can be applied line by line to shift the
meanintensity of the line to the running averagederivedfrom previousframes.
This factor C for each line l is

C(i; l ) = � �I (i; l ) + (1 � � )C(i � 1; l) (1)

where �I (i; l ) is the averageline intensity of line l in frame i and � = 0:2. For
i = 1, C(i; l ) = �I (i; l ). Note that this noise reduction technique is optional
when the algorithm is used in combination with an eye tracker capable of
capturing imageswith lessnoise.The e�ect of the noisereduction can be seen
in Figure 3 (comparea and b).

4.2. Corneal re
ection detection, localization and removal

In infrared spectrum eye tracking using the dark-pupil technique, the corneal
re
ection corresponds to one of the brightest regionsin the eye image.Thus
the cornealre
ection can be obtained through thresholding. However, a con-
stant threshold acrossobservers and even within observers is not optimal.
Thereforewe usean adaptive thresholding technique in each frame to localize
the cornealre
ection. Note that becausethe corneaextendsapproximately to
the limbus,we can limit our search for the cornealre
ection to a squareregion
of interest with a half-width of h = 150 pixels (seethe Parameter Analysis
sectionregardingparametervalues).To begin, the maximum threshold is used
to producea binary imagein which only valuesabove this threshold are taken
as corneal re
ection candidates.It is likely that the largest candidate region
is attributable to the cornealre
ection, asany other specular re
ections tend
to be quite small and locatedo� the cornea(e.g.,near the cornerof the image
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wherethe eye lids meet). The ratio betweenthe areaof the largest candidate
region and the averagearea of other regions is calculated as the threshold
is lowered. At �rst, the ratio will increasebecausethe corneal re
ection will
grow in size faster than other areas.Note that the intensity of the corneal
re
ection monotonically decreasestowards its edges,explaining this growth.
A lower threshold will, in general,also induce an increasein falsecandidates.
The ratio will begin to drop as the falsecandidatesbecomemore prominent
and the sizeof the cornealre
ection regionbecomeslarge.We take the thresh-
old that generatesthe highest ratio as optimal. The location of the corneal
re
ection is then given by the geometriccenter (xc; yc) of the largest region in
the imageusing the adaptively determinedthreshold.

While the approximate sizeof the cornealre
ection can be derived using the
thresholdedregion from the localization step, this region does not typically
include the entire pro�le of the cornealre
ection. To determinethe full extent
of the corneal re
ection, we assumethat the intensity pro�le of the corneal
re
ection follows a symmetric bivariate Gaussiandistribution. If we �nd the
radius r wherethe averagedeclinein intensity is maximal and relate it to the
radius with maximal declinefor a symmetric bivariate Gaussian(i.e. a radius
of onestandarddeviation), we can take the full extent of the cornealre
ection
as 2:5r to capture 98% of the corneal re
ection pro�le. We �nd r through a
Nelder-MeadSimplex search that minimizes

R
I (r + � ; xc; yc; � ) d�

R
I (r � � ; xc; yc; � ) d�

(2)

where � = 1, and I (r; x; y; � ) is the pixel intensity at angle � on the contour
of a circle de�ned by the parametersr , x and y. The search is initialized with
r =

q
area=pi, wherearea is the number of pixels in the thresholdedregion.

The search convergesrapidly and on averagerequiresonly 2.3 percent of the
algorithm's runtime.

Radial interpolation is then usedto remove the corneal re
ection. First, the
central pixel of the identi�ed cornealre
ection region is set to the averageof
the intensities along the contour of the region. Then for each pixel between
the center and the contour, the pixel intensity is determinedvia linear inter-
polation. An exampleof this processcan be seenin Figure 3 (compareb and
c).

4.3. Pupil contour detection

We have developed a novel feature-basedmethod to detect the pupil contour.
While other feature-basedapproachesapply edgedetection to the entire eye
image or to a region of interest around the estimated pupil location, these
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1 Input : Eye image with corneal re
ection removed,
2 Best guessof pupil center
3 Output : Set of feature points
4 Pro cedure:
5 Iterate
6 Stage1:
7 Follow rays extending from the starting point
8 Calculate intensity derivative at each point
9 If derivative > threshold then

10 Place feature point
11 Halt march along ray
12 Stage2:
13 For each feature point detected in Stage1
14 March along rays returning towards the starting point
15 Calculate intensity derivative at each point
16 If derivative > threshold then
17 Place feature point
18 Halt march along ray
19 Starting point = geometric center of feature points
20 Until starting point converges

Fig. 4. Feature-detection algorithm

approachescan be computationally wasteful as the pupil contour frequently
occupiesvery little of the imageand not all the pupil contour points areneces-
sarily neededfor accurateestimation of the pupil contour. We, instead,detect
edgesalong a limited number of rays that extend from a central best guessof
the pupil center. Theserays can be seenin Figure 5a. For robustnessto inac-
curacyof the starting point, edgesarealsodetectedalonga limited number of
rays extending from the initial set of detectedfeaturesreturning in the direc-
tion of the starting point. Thesereturning rays can be seenin Figure 5b&c.
This two-stagedetection method takes advantage of the elliptical pro�le of
the pupil contour to preferentially detect featureson the pupil contour. The
feature-detectionalgorithm is shown in Figure 4.

For each frame,a location is chosenthat represents the best guessof the pupil
center in the frame. For the �rst frame this can be manually determined or
taken as the center of the image. For subsequent frames, the location of the
pupil center from the previous frame is used.Next, the derivatives � along
N rays, extending radially away from this starting point, are independently
evaluated pixel by pixel until a threshold � is exceeded.Given that we are
using the dark-pupil technique, only positive derivatives(increasingintensity
asthe ray extends)are considered.When this threshold is exceeded,a feature
point is de�ned at that location and the processingalong the ray is halted.
If the ray extendsto the border of the image,no feature point is de�ned. An
exampleset of candidate feature points is shown in Figure 5a.
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For each of the candidatefeaturepoints, the abovedescribedfeature-detection
processis repeated.However, rays are limited to 
 = � 50 degreesaround the
ray that originally generatedthe feature point. The motivation for limiting
the return rays in this way is that if the candidate feature point is indeedon
the pupil contour (as shown in Figure 5b), the returning rays will generate
additional feature points on the opposite sideof the pupil such that they are
all consistent with a single ellipse (i.e., the pupil contour). However, if the
candidate is not on the pupil (e.g., seeFigure 5c), this processwill generate
additional candidate feature points that are not necessarilyconsistent with
any single given ellipse. Thus, this procedure tends to increaseratio of the
number of feature points on the pupil contour over the number of feature
points not on the pupil contour. Given that feature points de�ned by a large
� are more likely to be located on the pupil contour (as this is the strongest
image contour), the number of returning rays is variable and set to 5� =� .
Note that the minimum number of rays is 5 becauseby de�nition a feature
point is determinedby � > = � .

The two-stagefeature-detectionprocessimprovesthe robustnessof the method
to poor initial guessesfor the starting point. This is a problem when an eye
movement is made as the eye can rapidly change positions from frame to
frame. This is especially true for imagesobtained at low frame rates. For
example, shown in Figure 5d is such a case.While the initial set of rays
only detects two feature points on the pupil contour, the return rays from
thesetwo points detect many morepoints on the contour (seeFigure 5e).The
combined set of featurepoints is shown in Figure 5g and the number of points
on the contour well exceedthose o� of the contour. However, the feature
points are biased to the side of the pupil contour nearest the initialization
point. Although another iteration of the ray processwould minimize this bias,
the computational burden grows exponentially with each iteration and thus
would be an ine�cien t strategy.

At this point, an ellipse could be �tted to the candidate points, however,
the bias would induce a signi�cant error into the �t. To eliminate this bias,
the above described two-stagefeature-detectionprocessis iterated. For each
iteration after the �rst, the averagelocation of all the candidatefeaturepoints
from the last iteration is taken as the next starting location. The red circle
in Figure 5g shows the starting point for the seconditeration. The detected
feature locations for the seconditeration are shown in Figure 5h. Note the
absenceof a strong bias. Figure 5i shows how the central locations rapidly
convergeto the actual pupil center. The iteration is halted when the center of
the detectedfeature points changeslessthan d = 10 pixels. When the initial
guessis a good estimate of the pupil center, for exampleduring eye �xations
which occupy the majorit y of the frames,only oneiteration is required.When
the initial estimateis not good, typically only a few iterations are required for
convergence.The histogram of the iteration count is shown in Figure 6a for
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the videosrecordedas described in Section5. Note that 93%of the iteration
counts are lessthan or equal to 5. If convergenceis not reached within i =
10 iterations, as occurs sometimesduring a blink when no pupil is visible,
the algorithm halts and beginsprocessingthe next frame. The tested videos
contained over 50; 000 framesand only 1:7 percent of the framesare of this
kind. On average, the feature-detection processrequires 27 percent of the
algorithm's runtime.

4.4. Ellipse �tting

Given a set of candidate feature points, the next step of the algorithm is
to �nd the best �tting ellipse. While other algorithms commonly use least-
squares�tting of an ellipse to all the feature points, gross errors made in
the feature-detectionstagecan strongly in
uence the accuracyof the results.
Consider the detected feature points shown in Figure 5j and the resulting
best-�t ellipse using the least-squarestechniquesshown in Figure 5k. Notice
that a few feature points not on the pupil contour dramatically reducesthe
quality of the �t to an unacceptablelevel.

To addressthis issue,we apply the Random SampleConsensus(RANSAC)
paradigmfor model �tting [24].To our knowledge,ours is the �rst application
of RANSAC in the context of eye tracking, however RANSAC is frequently
applied to other computer-vision problems (e.g., see[25]). RANSAC is an
e�ectiv e technique for model �tting in the presenceof a large but unknown
percentage of outliers in a measurement sample.An inlier is a samplein the
data attributable to the mechanism being modeled whereasan outlier is a
sample generatedthrough error and is attributable to another mechanism
not under consideration. In our application, inliers are all of those detected
feature points that correspond to the pupil contour and outliers are feature
points that correspond to other contours, such asthat betweenthe eye lid and
the eye. Least-squaresmethods useall available data to �t a model becauseit
is assumedthat all of the samplesare inliers and that any error is attributable
exclusively to measurement error. On the other hand, RANSAC admits the
possibility of outliers and only usesa subsetof the data to �t the model. In
detail, RANSAC is an iterativ e procedurethat selectsmany small but random
subsetsof the data, useseach subsetto �t a model, and �nds the model that
has the most agreement with the data set as a whole.

In most cases,our two stagefeature-detectionprocessresults in very few out-
liers (e.g.,seeFigure 5l) while in other cases,outliers aremuch moreprevalent
(e.g.,seeFigure 5m). The distribution of outlier percentagesfor our test videos
is shown in Figure 6b. On average,17percent of the featurepoints areoutliers.
This relatively high amount of outliers is due to the fact that we are using a
low-cost eye tracker constructed from o�-the-shelf parts that introducessig-
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(a) (b) (c)

(d) (e) (f )

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Fig. 5. (a) Pupil edgecandidates(crosses)are detected along rays extending from
a starting point (yellow circle) inside of the pupil contour. (b) For each candidate,
a set of returning rays are generatedthat further enlargesthe set of candidates.(c)
Returning rays from a candidate not on the pupil contour (d-f ) As in (a-c) with
the starting point away from the pupil (g) All candidatesand their averagelocation
(red circle) are shown. This location seedsthe next iteration. (h) Seconditeration
(i) Convergence(j) Example set of feature points with only 2 outliers. (k) Poorly �t
ellipse resulting from least-squaresapproach. (l) Inliers (green) and outliers (red)
di�eren tiated by RANSAC. (m) An example with more outliers. (n) Best-�tting
ellipse using only inliers. (o) Best-�tting ellipse using model-basedoptimization.
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ni�can t image noise into the videos. Given the presenceof theseoutliers, it
is important that we usethe RANSAC paradigm to �nd the ellipsethat best
�ts the pupil contour.

The following procedureis repeatedR times. First, �v e samplesare randomly
chosenfrom the detected feature set given that this is the minimum sample
sizerequired to determineall the parametersof an ellipse.Singular Value De-
composition (SVD) on the conicconstraint matrix generatedwith normalized
feature-point coordinates [25] is then used to �nd the parametersof the el-
lipse that perfectly �ts these�v e points. The parametersof the ellipse must
be real, the ellipse center must be inside of the image, and the major axis
must be lessthan two times the minor axis. Otherwise, �v e more points are
randomly chosenand an new ellipse�t, until theseconstraints are met. Then,
the number of candidate feature points in the data set that agreewith this
model (i.e. the inliers) are counted. This set is called the consensusset. After
the necessarynumber of iterations, an ellipseis �t to the largestconsensusset
(e.g., seeFigure 5n).

Inliers are thosesamplepoints for which the algebraicdistanceto the ellipseis
lessthan somethreshold. This threshold is derived from a probabilistic model
of the error expectedbasedon the nature of our featuredetector. It is assumed
that the averageerror variance of our feature detector is approximately one
pixel and that this error is distributed asa Gaussianwith zeromean.Thus to
obtain a 95%probability that a sampleis correctly classi�ed as an inlier, the
threshold shouldbe derived from a � 2 distribution with onedegreeof freedom
[25]. This results in a threshold distanceof 1:98 pixels.

Becauseit is often computationally infeasibleto evaluate all possiblefeature
point combinations, the number of random subsetsto try must be determined
in a way that assuresthat at least one of the randomly selectedsubsetscon-
tains only inliers. This can be guaranteed with probability p = 0:99, if

R =
log(1 � p)

log(1 � w5)
(3)

wherew is the proportion of inliers in the sample.Although w is not known a
priori , its lower bound is given by the sizeof the largest consensusset found.
Thus R can initially be set very large and then set lower basedon Equation 3
as the iteration proceeds.The number of necessaryiterations can be further
reducedeach time that a new largest consensusset is detected,by iterativ ely
re-estimating the model using all the members of the consensusset until the
total number of inliers remainsconstant. The histogramof RANSAC iterations
for the tested videosis shown in Figure 6c. Note that the median number of
iterations is only 8 and the RANSAC model �tting on averageutilizes 5.5
percent of the algorithm's runtime.
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Fig. 6. (a) The histogram of iterations of pupil feature detection. (b) The percentage
of outliers in processedvideos. (c) The histogram of RANSAC iterations. (d) The
histogram of iterations of model-basedoptimization

4.5. Model-based optimization

Although the accuracy of the RANSAC �t may be su�cien t for many eye
tracking applications, the result of ellipse �tting can be improved through a
model-basedoptimization that doesnot rely on feature detection. To �nd the
parametersa;b;x; y; � of the best �tting ellipse,we minimize

�
R

I (a + � ; b+ � ; � ; x; y; � )d�
R

I (a � � ; b� � ; � ; x; y; � )d�
(4)

using a Nelder-MeadSimplex search where � = 1 and I (a;b;� ; x; y; � ) is the
pixel intensity at angle� on the contour of an ellipsede�ned by the parameters
a,b,x,y and � . The search is initialized with the best-�tting ellipseparameters
asdeterminedby RANSAC. An exampleof model-basedoptimization can be
seenin Figure 5o. The probability distribution of optimization iterations is
shown in Figure 6d. The mean number of iterations is 74 and, on average,
model-basedoptimization requires17 percent of the algorithm's runtime.
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4.6. Calibration

In order to calculate the point of gazein the sceneimage, a mapping must
be constructedbetweeneye-position coordinatesand scene-imagecoordinates.
Either the pupil center or the vector di�erence betweenthe pupil center and
the cornealre
ection center can be used.However, aswill be shown in the Al-
gorithm Validation Section,the vectordi�erence leadsto superior performance
becauseit reducessensitivity to the slippageof the headgear.The mappingcan
be initialized by relating known eye positions to known scenelocations. The
typical procedurein eye-tracking methodology is to measurethis relationship
through a calibration procedure[26]. During calibration, the user is required
to look at a 3� 3 grid of scenepoints for which the positionsin the sceneimage
are known. While the user is �xating each scenepoint ~si = (xsi ; ysi ), the eye
position ~ei = (xei ; yei) is measured.

The particular mapping usedby di�eren t eye-tracker manufacturers and dif-
ferent research group varieswidely. Therefore,we examinedthe optimal map-
ping for our head-mounted systemby examiningthe accuracyof the mappings
derived from the �rst nine-point calibration in our validation study (seeAlgo-
rithm Validation Section). The mapping that we examinedwas a �rst-order
linear mapping. For each correspondencebetween~si and ~ei , two equationsare
generatedthat constrain the mapping:

xsi = ax0 + ax1xei + ax2yei (5)
ysi = ay0 + ay1xei + ay2yei (6)

whereaxi and ayi areundeterminedcoe�cien ts of the linear mapping.This lin-
earformulation resultsin six coe�cien ts that needto bedetermined.Giventhe
ninepoint correspondencesfrom the calibration and the resulting 18constraint
equations, the coe�cien ts can be solved for in the least-squaressenseusing
SVD [25].Nonlinearmappingswerealsobeconsideredusingthis framework in-
cluding second-orderand third-order polynomial mappings.The second-order
mapping included all six additional higher order terms. Becausea full third-
order mapping would require 20 parameters and the number of unknowns
would exceedthe number of constraints, crossterms were not consideredto
allow for a solution.

Another non-linear method that we consideredwas to use a homographic
mapping. We generatethe mapping H , 3 � 3 matrix that has eight degrees
of freedom,between the scenepoint ~s = (xs; ys; 1) and the pupil-CR vector
~e = (xe; ye; 1). To determinethe entries of H , a constraint matrix is generated
using measuredpoint correspondences.Each correspondencegeneratestwo
constraints and thus four correspondencesare su�cien t to solve for H up to
scale[25]. Finally the null spaceof the constraint matrix can be determined
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Calibration Error

Method (degrees)

Linear 0.77

2nd-order polynomial 0.57

3rd-order polynomial 0.64

Homographic 0.58
Table 1

through SVD to provide H . SVD producesthe mappingH that minimizesthe
algebraicerror. Once the mapping is determined, the user'spoint of gazein
the scenefor any frame can be establishedas~s = H~e.

The averageerrorsobtainedareshown in Table1.All mappingsprovide reason-
ableaccuracyhowever, the second-ordermapping and homographicmappings
result in the best performance.The lack of cross-termshurts the third-order
mapping. However, we expect that the third-order mapping would result in
an accuracycomparableto the second-ordermapping, if su�cien t correspon-
denceswereavailable to include the cross-terms.Overall, we concludethat the
choiceof mapping makes little di�erence but that a non-linear model should
be preferred.However, a more comprehensive investigation that examinesthe
abilit y of thesemappingsto extrapolate outside of the nine-point calibration
grid would be valuable, but is outside the scope of this paper.

5 Algorithm Validation

An eye-tracking evaluation wasconductedin order to validate the performance
of the algorithm. Video was recordedfrom the head-mounted eye tracker de-
scribedin Section2 while threeusers(the two authorsanda research assistant)
viewed two movie trailers presented on a laptop computer. Prior to and after
the viewing of each trailer, the userplacedtheir headin a chin rest and �xated
a seriesof nine calibration marks on a white board positionedapproximately
60 cm away. The evaluation was conducted twice for each user. During the
secondevaluation, the narrow �eld of �eld lens(56o Field of View (FOV)) used
on the scenecamerawas replacedwith a wide �eld of view lens (111o FOV,
and signi�cant radial distortion) to evaluate the decreasein eye-tracking qual-
it y attributable to the non-linear distortion of the lens. The video captured
during the evaluation, with eye movement predictions, is available for viewing
at http://hcvl.hci.iastate.edu.

Shown in Table 2 are the accuracyestimatesderived from the 1st, 2nd and
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3rd viewing of the calibration grid separately. Accuracy is measuredas the
distance between the estimated point of gazeand the actual location of the
calibration marks in the sceneimageaveragedover all nine calibration points.
Note that the �rst viewing of the grid is usedto generatethe mapping for all
predictions.Five setsof resultsareshown in Table2, each specifying the error
in degreesof visual angle for each calibration and both types of lens. The
�rst set of result shows the poor accuracy of the dual-threshold algorithm.
Most commercialeye trackers use this technique. This poor performanceof
this algorithm with our noisy low-cost hardware originally motivated the de-
velopment of the Starburst algorithm. The secondset of resultswereobtained
with the dual-thresholdalgorithm run on the noisereducedimagesgenerated
by the algorithm in Section 4.1. The results are improved but still signi�-
cantly a�ected by the residual noise.The third set of results were obtained
with the Starburst algorithm and show an averageaccuracyof one degreeof
visual angle, a ten-fold improvement in performancecompared to the sim-
ple dual-threshold algorithm. Notably, the error of the wide FOV camerais
slightly higher than that of the narrow FOV cameradue to presenceof radial
distortion. If additional accuracyis desiredwhen using a wide FOV camera,
the distortion can be easily be digitally removed once the camerahas been
calibrated.

The fourth set of results is generatedby the Starburst algorithm without
the �nal model-basedoptimization step. Comparing theseresults to the full
algorithm, there is an approximately 7 percent improvement in accuracyat-
tributable to the model-basedoptimization. While the model-basedoptimiza-
tion takes approximately 17 percent of the algorithm's total runtime, our
measuresof accuracyonly quantify the improvement attributable to the coor-
dinatesof the ellipsecenter. Basedon visual inspection, the optimization also
improves the other parametersof the ellipse, which may be useful in other
applications.

The �nal set of resultsshow the performanceof the Starburst algorithm when
only the pupil center is usedasa measureof eye position. Performanceon the
initial calibration is actually slightly superior than when the vector di�erence
betweenthe cornealre
ection center and the pupil center is used.This e�ect
can be attributed to the greater variabilit y of the vector di�erence. Notably,
however, the accuracyis dramatically reducedfor subsequent calibrations.The
error tends to increaseafter each calibration and is likely due to slippageof
the eye tracker on the participant's head.
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Dual-Threshold 1st 2nd 3rd

Narrow FOV 10.059 11.196 9.605

Wide FOV 7.670 7.901 9.542

DT (noise reduced) 1st 2nd 3rd

Narrow FOV 1.838 3.062 4.221

Wide FOV 3.272 3.083 4.039

Starburst 1st 2nd 3rd

Narrow FOV 0.596 1.025 1.049

Wide FOV 0.678 1.113 1.366

RANSAC only 1st 2nd 3rd

Narrow FOV 0.616 1.006 1.151

Wide FOV 0.970 1.215 1.299

Pupil Center only 1st 2nd 3rd

Narrow FOV 0.349 6.520 10.264

Wide FOV 0.542 7.376 12.357

Table 2

6 Parameter Analysis

To determinethe robustnessof the Starburst algorithm, a number of analyses
were conducted.In the algorithm, the pupil center of previous frame is used
as the best guessfor the current frame, which can be a poor guessduring eye
movements. The goal of the �rst analysis was to examine the sensitivity of
the algorithm to the quality of the initial best guessof the pupil center used
to seedthe feature-detectionprocess.This analysisincluded the nine images
from the �rst calibration in each of the six videosin which a user is �xating
on a calibration point. The ground truth ellipseparametersin each eye image
were determinedby using a starting point set at approximately the center of
the pupil asdeterminedby observation. Then, 36 starting points equi-distant
from the true pupil center were selectedin 10 degreeangular stepsand used
to initialize the algorithm. Performanceat a rangeof distanceswasexamined
and is shown in Figure 7a. Performanceis given as the probability of error,
where the result is classi�ed as an error if the distance between calculated
pupil center and the ground truth was greater than 4 pixels, or the major or
minor axis radius wasdi�eren t than 4 pixels from the ground truth. Evenwith
such stringent criteria, the averageerror stays under 15 percent for starting
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points misplacedby one-half of the image width. With the 30 hertz frame-
rate camerathat we use, the distance that the eye movesbetweenframes is
typically lessthan 100 pixels from the pupil center and thus error rates due
to poor starting points should be lessthan 2 percent.

The robustnessof our algorithm to its free parameterswas also examined.
The �rst free parameter examined was the threshold � controlling feature
detection. All 6 videoswereprocessedwith a variety of thresholds.The accu-
racy of the algorithm in predicting the point of gazein the scenefor the �rst
calibration grid was examinedand is shown in Figure 7b separatelyfor each
video. With a threshold in the range of 15 to 20, the error is approximately
one degreefor all videos.The degreeto which the algorithm requirestuning
of the threshold dependson the quality of the recordedvideo and the degree
of image contrast available. Image quality will vary with illumination inten-
sity and the re
ectance of the user's iris, which can vary from individual to
individual. This variabilit y can be seenin the di�eren t tracesin Figure 7b.

The e�ects of manipulating the number of rays and the step size (in pixels)
along the rays used in calculating the derivative was also examined.Figure
7c shows the eye tracking error as a function of the number of rays used in
the �rst stageof the feature-detectionprocess.It can be seenthat beyond 8
rays, the bene�ts in terms of accuracywill be probably be outweighedby the
additional computational cost. Figure 7d shows the eye tracking error as a
function of the step sizealong the rays. For either small or large step sizes,
performanceis poor. For very small step sizes,it is di�cult to exceedthe
threshold for feature detection and for large step sizes,accuracyin localizing
the feature is sacri�ced. A intermediatestep sizeof 8 pixels results in the best
trade-o� betweenspeedand accuracyof computation.

7 Discussion

We developeda hybrid algorithm for eye tracking that combinesfeature-based
and model-basedapproaches. Both the corneal re
ection and the pupil are
located through feature-basedtechniques. Then the RANSAC paradigm is
applied to maximize the accuracy of ellipse �tting in the presenceof gross
feature-detectionerrors.Finally, a model-basedapproach is applied to further
re�ne the ellipse�t. We conducteda validation study which indicatesthat the
algorithm out performs standard algorithms on video obtained from a low-
costhead-mounted eye tracker. The algorithm is alsorobust to variation in its
parameters,but this robustnessis directly linked to the quality of the video
obtained from the eye tracker.

A number of improvements could be made to our current implementation.
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Fig. 7. The parameters analysis. (a) The probabilit y of error over the distance
between starting point and true pupil center. (b) The visual error when changing
the threshold of pupil feature detection. (c) The visual error when changing the step
size of pupil feature detection. (d) The visual error when changing the number of
rays to detect features.

For example,insteadof removing the cornealre
ection from the image,which
can be quite time consuming,the corneal re
ection region could simply be
ignored in the other stepsof the algorithm. There is also room for additional
improvement given that our current algorithm essentially processesimagesin-
dependently (with the exception that the estimate of the pupil center from
the previousframe is usedas the best guessof the pupil center in the current
frame). For example,we are exploring the improvement obtainable through
prediction of the pupil center using a Kalman �lter. However, the potential
bene�t of this technique for our hardware is di�cult to estimategiven the low
frame rates and the high velocity of eye movements. We are also exploring
automatic calibration. Currently the calibration requiresmanual input to in-
dicate the location of calibration points in the sceneimage,which can become
tiresome. We expect automatic detection of calibration crossesin the scene
imagewill be possibleusing imageprocessingtechniques.

One issuewith using low-cost low frame rate eye-tracking hardware is that
the accuracyof point of gazeestimatesduring eye movements can be quite
poor. This loss of accuracy is due to the motion blur induced by the long
CCD integration times associated with the low frame rates. Fortunately, eye
movements arevery rapid lasting on the orderof 10millisecondswhile �xations
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are much longer (hundredsof milliseconds).Thus only a small percentage of
the captured imagesshow the eye in motion and for many of theseframes,the
motion blur is small enoughthat an accuracyestimate of the point of gaze
canstill beobtained.The useof readily available,yet moreexpensive,cameras
capableof 
exible integration times, higher sensitivity and higher frame rates
would eliminate this problem.

Our research is aimed at developing reliable eye-tracking algorithms that can
run on general-purposehardwareand that canbewidely employedin everyday
human-computerinterfaces.Giventhat the lack of freelyavailableeye-tracking
software has beenone obstaclein achieving this goal, we are making the im-
plementation of our algorithm available in an open-sourcesoftware package
under the GNU public license(GPL). This software can be downloadedfrom
our website at http://hcvl.hci.iastate.edu. This implementation is written in
Matlab and operatesat approximately oneframe per second.We are actively
working on releasinga C++ implementation that runs in real-time neededfor
human-computerinteraction applications.We expect that given the combina-
tion of open-sourceeye-tracking software with low-cost eye-tracking systems
built from o�-the-shelf components [11,10,14],interfacedesignerswill be able
to explore the potential of eye movements for improving interfacesand that
this will lead to an increasedrole for eye tracking in the next generationof
human-computerinterfaces.
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